Using unfolded formulation of free equations for massless fields of all spins we obtain explicit form of higher-spin conformal conserved charges bilinear in 4d massless fields of arbitrary spins.
Introduction
In this note we give an explicit form of higher-spin (HS) conserved currents built of 4d massless fields of all spins. To the best of our knowledge a realization of the conformal HS currents built of massless fields of all spins in the 4d Minkowski space has not been yet available in the literature in the full generality, although some particular examples of conformal HS currents built of massless fields of lower spins s ≤ 1 were considered. In particular, x-independent HS conformal currents built of massless scalar, spinor and Maxwell field were found in [1] and x-dependent HS currents built of massless scalar and spinor were found in [2] . We extend these results in two directions: we allow (i) the constituent fields to carry any spin and (ii) explicit dependence on the space-time coordinates.
Our construction is based on the unfolded formulation of dynamical equations in the form of zero-curvature equations [3] and is analogous to the construction of HS currents [4] in the generalized space with matrix coordinates [5, 6] .
Unfolded Massless Field Equations in 4d
Minkowski space
In [3, 6] it was shown that the equations for (field strengths of) massless fields of all spins in Minkowski space can be concisely formulated in the unfolded form
Here w a andw˙b are auxiliary commuting conjugated two-component spinor coordinates (a, b = 1, 2 andȧ,ḃ =1,2) and x aḃ are Minkowski coordinates in twocomponent spinor notations. The two-component indices are raised and lowered as follows
and analogously for dotted indices. The relationship with the tensor notations is based on
where σ aḃ ν (ν = 0, 1, 2, 3) are four Hermitian 2 × 2 matrices. The meaning of the equation (2.1) is as follows. The fields C(w,w|x) are assumed to be expandable in power series in w a andw˙a
The operator
commutes with the operator ∂ 2 ∂w α ∂wȧ so that solutions of the equation (2.1) with fixed eigenvalues of the operator N w,w form invariant subspaces which describe fields of different helicities s N w,w C(w,w|x) = 2sC(w,w|x) ,
5)
where x denotes coordinates x aḃ of Minkowski space. The meaning of the fields C(w,w|x) is as follows [6] . The holomorphic fields
and their complex conjugates
describe, respectively, selfdual (positive helicity) and antiselfdual (negative helicity) gauge invariant on-mass-shell nontrivial combinations of derivatives of massless gauge fields of all spins s = 0, 1/2, 1, . . . ∞ where w a ∂ ∂w a C(w, 0|x) = 2sC(w, 0|x) andw a ∂ ∂w a C(0,w|x) = 2sC(0,w|x) .
These include scalar (s = 0)
c(x) = C(0, 0|x) ,
Maxwell tensor (s = 1)
etc.
The primary fields are those contained in C(w, 0|x) and their complex conjugates C(0,w). These contain lowest order gauge invariant combinations of derivatives of massless gauge fields which turn out to be of order [s] for a spin s field and were considered by many authors (see e.g. [7] ). The descendants are described by those components of C(w,w|x) that depend both on w and onw and therefore are expressed in terms of derivatives of the primary fields by (2.1).
The dynamical HS field equations are the following consequences of (2.1)
for s = 0 and the massless Klein-Gordon equation
for a s = 0 scalar (for s > 0 it is a consequence of (2.6)).
Given function C(w,w|0) of the spinors w a andw˙a it uniquely reconstructs a solution of the equation (2.1) by
Other way around, given solution of the equations (2.1) the full dependence on w andw can be reconstructed as follows. The Taylor expansion gives
For a given helicity s ≥ 0 we obtain
where the function
Recall, that I k (x) = J k (ix). Now using again the equation (2.1) we obtain for a field with some positive helicity s
where ∂ αβ = ∂ ∂x αβ . Analogously, one obtains for the negative helicities
This reconstructs the dependence on w andw.
Higher-Spin Conformal Currents
From the equation ( 
where ε denotes the HS symmetry parameters, Ω 3 (ε) is a on-mass-shell closed (d−1)form dual to the conserved current, and Σ 3 is an arbitrary 3-dimensional surface in the Minkowski space-time usually identified with the space surface R 3 , i.e. the Cauchy surface for the problem.
Using the unfolded form of the massless field equations it is easy to write down explicit formulae for the conserved HS charges in 4d Minkowski space. Let us consider the following 3-form in Minkowski space M 4
where η β 1 ...βt α 1 ...αs are HS symmetry parameters symmetric in lower and upper indices, the generalized stress tensor T α 1 ...α N is symmetric in four-component Greek indices equivalent to a pair of dotted and undotted two-component indices (e.g., α = a,ȧ).
The form
provided that the generalized stress tensor T α 1 ...αn (x) satisfies the conservation con-
Indeed, taking into account that the stress tensor T α 1 ...αn (x) is symmetric in its indices, (3.3) is a simple consequence of the fact that
For the case with an equal number of dotted and undotted indices among the indices α in (3.4), it amounts to the usual conservation condition for traceless symmetric tensors which is well-known to be related to conformal HS symmetries. The equation (3.4) tells us however that in the general case all irreducible tensors of the 4d Lorentz algebra may appear as generalized HS conserved stress tensors. (Note that, in the tensorial language, generalized stress tensors of integer spins are described by various traceless tensors that have symmetry properties of Young tableaux with at most two rows.)
The key observation is that the generalized stress tensor T
where y α = (w a ,w˙a), satisfies the conservation condition (3.4) provided that the field C k (y|x aȧ ) satisfies the 4d unfolded equation (2.1). Actually by (2.1)
Note that the conserved currents built of HS fields according to (3.5) contain higher derivatives. This is in agreement with the analysis of [9] as well as with the general property of HS theories that their interactions contain higher derivatives [10, 11] .
Examples
In this section we consider some examples of conserved currents resulting from the general construction.
In terms of component fields, the dynamical equations (2.6), (2.7) on the (anti)selfdual components c a 1 a 2 ...a 2s andcȧ 1ȧ2 ...ȧ 2s read ∂ a 1ȧ1 c a 1 a 2 ...a 2s = 0, ∂ a 1ȧ1cȧ 1ȧ2 ...ȧ 2s = 0. (4.1)
These equations imply that space-time derivatives of the field strengths are symmetric in dotted and undotted indices separately. The straightforward substitution of (2.8), (2.9) into (3.5) gives for the generalized stress tensors that contain p derivatives of a spin-s selfdual and spin s ′ antiselfdual fields are
2) where we use the following notations
and the indices denoted by the same letter are supposed to be symmetrized (with the convention that the symmetrization is a projector, i.e. the repeated symmetrization leaves a symmetric tensor unchanged). For the particular case of fields of equal spins, we obtain the generalized energymomentum tensors The HS totally symmetric conserved currents built of higher derivatives of the scalar field [1, 2] are T 0,0,p|i,j
For the particular cases of p = 1 and p = 2 we obtain the the electric current
and the improved stress tensor T aa,ȧȧ = c∂ aȧ ∂ aȧc − 2∂ aȧ c∂ aȧc +c∂ aȧ ∂ aȧ c , (4.9) which is symmetric in the (discarded) color indices. In tensor notation these have the form
and
A spin-1 2 field ψ(x) satisfying the massless Dirac equation
is described by c a (x) andcȧ(x) that satisfy (4.1). Neglecting the color indices, the electric current T A supercurrent, which mixes spin-0 and spin-1 2 fields is given by T 0, 1 2 ,1 , J aaȧ = ∂ aȧ cc a − c∂ aȧ c a (4.15) and complex conjugated. A massless spin-1 field, can be described by a gauge invariant field strength satisfying the Maxwell equations
In terms of two-component spinors, F µν is described by c aa andcȧȧ while the Maxwell equations have the form (4.1).
The energy-momentum tensor
is described by T 1,1,0 T 1,1,0 aaȧȧ = c aacȧȧ (4.18)
Analogously to the scalar field case, there exist totally symmetric HS conserved currents built of higher derivatives of the spin one field strength [1] . These are the generalized stress tensors T 1,1,p . A massless spin-2 field describes the linearized gravity. The linearized gauge invariant combinations of derivatives of the linearized metric tensor are given by the linearized Riemann tensor. Its trace part is zero by virtue of Einstein equations. The nonzero traceless components are called Weyl tensor. As a consequence of the Einstein equations, the Weyl tensor satisfies the Bianchi identities. In terms of twocomponent spinors the Weyl tensor is described by the selfdual component c abcd (x) and antiselfdual componentc˙a˙b˙cḋ(x). The Bianchi identities take the form (4.1).
It is well-known that there is a conserved current called the Bel-Robinson tensor [12] , [13] bilinear in the Weyl tensor. In terms of tensors it has the form
where H µσνη denotes the tensor realization of the Weyl tensor and the Hodge star * denotes the dualization by virtue of the Levi-Civita tensor ε µνλρ . In our approach the Bel-Robinson tensor is described by T 2,2,0 , which has the simple form T 2,2,0 a(4)ȧ(4) = c a(4)cȧ (4) . (4.20)
Conclusion
The formula for conformal HS currents presented in this paper is analogous to the formula of [4, 14] for conserved HS currents in the ten-dimensional space-time M 4 suggested for the description of 4d massless HS fields in [5, 6, 15] . In fact, the expression (3.5) for T k l α 1 ...αn (y|x aȧ ) is the reduction to the Minkowski space of the generalized stress tensor [4] T k l α 1 ...αn (y|X αβ ), where X αβ are symmetric matrix coordinates of M 4 . The conservation condition (3.4) is also the reduction of the conservation condition in M 4 . The explicit relationship between the two constructions remains to be elaborated.
